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The problem of the bifarcations of the fixed points of a point transformation under which

a root of the characteristic polynomial passes through the value A = —1 (through the sur-
face N_, [1]) involves computing the quantity g, whose sign determines the character of
the bifurcation. The sign of gq, however, does not characterize sufficiently fully the be-
havior of the system near those points of the surface at which g, vanishes. The behavior
of the system near such points depends essentially on the sign of the quantity Ay whose
computation requires retention of terms of up to the fifth order, inclusive, in the expansion.
There is a certain analogy between the quantities g, and Ao and the Liapunov quantities

a, and g [2 and 3]. We shall show for in the case of a point transformation T of a straight
line into a straight line that either one or two pairs of fixed (stable or unstable) points of
the transformation T? can exist in the neighborhood of a simple fixed point of the trans-
formation T, depending on the quantities go and %, (and on the value of a root of the char-
acteristic polynomial). An example is cited of a system described by a nonlinear third-
order differential equation in which this bifurcation occurs.

1. Let us consider the point transformation T of a straight line into a straight line
=Rz g toagd® ettt . (A=a)

in the neighborhood of the fixed point z = # = 0, The transformation T2 is

Z=Az 4+ A (-4 A) aez? + gzd+ fz2 4 had p ...

Here
£ = M1 + Aoy + 207] = go + (W — 1)bs
= A+ Aay + A (2 1 30 ayay + e = — Yga,80 + (A2 — 1)b, 1.1)
Boss b R AYag + (2 + 3Magtay + 20 (1 + 2A%)aga, + 3Mag? = by + (M — 1),

g = —2(ay + ay?), hy = 3az? — ajla; — Basa; — 2ag

{.et us consider the function
Z—z2= (A2 — 1)z + A {1+ Aagz? + gz® + fat + kS + . 1.2)

whose zeros correspond to the fixed points of the transformation T?. Making use of (1.1},
we can rewrite function (1.2) as

Z— o= — 1) + W) 2+ g (14 2¥)R A+ ke (1 4 2¥5)e
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From this we find that

142V 1 4 3% _
zmzz(1+zw,)z[x2—1+goi—j{~:—q,il‘z=+hol—+—ﬁfz¢]=

=¥1*z [A2 — 1 4 goFs*s? + ho¥5*zd]

where ¥ ¢ (=1, 8, B) are series in powers of £ beginning with unity. These series con~
verge [4] inside the €g-neighborhood la;* — ;] < &, of the arbitrary point a;* (a,* = 1)
of the space of coefficients a; (i = 1, 2, ..., 5) for all sufficiently small s(]z] <89,

Let A1 ==gy,=20, hy5= 0 at the point a;*, and let us consider the problem of
the namber of points of function (1.2) for parameters taken from the neighborhood of the
point a;*, To be specific, let us assume that ke > O (the reasoning for hs <0 is analogous).

The zeros of function {1.2) which are distinct from 2 = 0 colncide with the zeros of
the function

=M —{ + T* g2t + ¥ hy 24 (1.3)

Let € <1 be an arbitrary, arbitrarily small positive number. There exists & &, (5, < 8y
such that |‘I‘i” -1} <€(j=1,3,5) for |3 <5,
a) Let two sign changes occur in the sequence A'—1, 8o ho at the point @;.We consider
the functions
W, = — 1+ (= e)gost + (1 + e)host

w.o=M—11(1+e) g+ —sgh#

On fulfillment of the condition
A—elgl—4(1+epW—1)>0

each of the equations w,_ =0, w_ =0 has four (two positive and two negative) nonzero
roots. There clearly exists and g, (g, <C &,), such that for 4;* =a; <<g, (a* = —1
the roots of each of Eqs. w, =0 and w_ =0 lie in the 5;-neighborhood of the point z =0,

The inequality w_ < w < w,. holds for all |z] <&,, so that function (1.3) (and with it
function (1.2)) has two positive and two negative roots, and the transformation T? has two
pairs of fixed points. On fulfillment of the condition

(dtePgt—4s(l—eh(M—1<L0O

function (1.2) does not have real zeros, and the transformation 7? does not have fixed points
in the neighborhood of the point ¥ = 0 (i.e. in the neighborhood of the fixed point of the
transformation 7').

b) Let not more than one sign change occur in the sequence A — 1, go, Ao at the point
@;. Introducing the function

W,=AM—1+ 1 +e)gz + (1 + e)hezt . <wlW,
W_=M—1+4+(1—¢g)g2+ (1 — e)hs*

and reasoning as in case (a) above, we conclude that if the sequence A2 — 1, go, Ay contains
one sign change (in which case s> 0, A? — 1 <0), then fanction (1.2) has one positive and
one negative zero, and the transformation T ? has two fixed points. If the sequence A? - 1,
&0 ho experiences no sign changes, function (1.2) does not. have any real roots, and the
transformation T ? does not have fixed points in the 8,-neighborhoed of the fixed point

=0,

2. In order to investigate the stability of the fixed points of the transformation T2 in
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case (a) when fourreal zeros, 2_, <z_, <0<z,<1, existinthe J,-neighborhood of the point
29 =0, we rewrite function (1.2) as

Z—z2=¥*VPhy(z—1z,) (z—2) 2(2— 3) (s — z)

Then
dz
gz =1+ h@(2)
where
(z—z2_)(z—2_))z(z— 21)(z — 2a)
9(z,) = ¥1*¥s* =) L - (k=—2,—1,0,1,2)

Z——Zk

If 8, is chosen in such a way that 16|hq|5,% <1, then the estimate [y (z;)] <1 is
valid. The sign of the quantity changes in passing from & to k + 1, so that the stable and
unstable fixed points alternate. In our case (ko > 0) the fixed points z_,, z,, and z, are
unstable, while z_, and z, are stable.

In case (b), when two fixed points of the transformation T'? exist in the §;-neighborhood
of the point 2o =0, we can employ similar reasoning to show that both fixed points are un-
stable for Ao > 0 (the point 24 = O is stable in this case).

In the critical case A + 1 = go = 0 we have

72— 22 = Qhgs® + .

The sign of this difference for small z is determined by the sign of Ao. For ko > 0 the
fixed point is unstable in the critical case; for ks <0 it is stable.

3. Let us consider the parameter plane g,, A? — 1; in this plane the €,-neighborhood
of the point @;* (A + 1 = go =0 and Ao # 0) of the space of coefficients is associated with
some neighborhood of the origin on the plane go, A? — 1. Fig. 1 (A, > 0) and Fig. 2 (ko <0)
show the decompositions of this neighborhood into domains according to the number of fixed
points of the transformation T ? in the &,-neighborhood of the fixed point z=0(2=0is a
fixed point of the transformation T).

"(04) A-1 A1 ﬁo<0
(2
() (0} }
\ )
> go ga
(2) (o) i
Qyom
Fig. 1 Fig. 2

The transformation T 2 does not have fixed points in the 5;-neighborhood of the fixed
point z = 0 in the domain {0} isolated by one of the following groups of inequalities:

{ho>0, A2 — 1250, go >0}

{ho >0, 200, (1 +&)%g0* —4 (1 —2)ho (A —1) O
the <0, A2 —1 <0, g0 0}

{ho <0, g0 >0, (1 4-€)°g0* —4(1 —e)ho (M — 1) <O}



Bifurcations of the fixed points of a point transformation 525

In the domain {2} isolated by one of the groups of inequalities
{ho >0, A* —1<0, go>0) (he >0, A2 —1 <0, go<0}
{ho <0, A2 —12>0, g0 <0} {he <0, A2 —12>0, g0 >0}

the transformation T2 has two fixed points in the §,-neighborhood of the fixed point z = 0.

These points are unstable for 4o > 0 and stable for A, <0.
In the domain {4} isolated by the inequalities

the>0, g0<<0, (1 —e)g® —4(1+e)h(B—1)>0}
the<0, go>0, (1 —e)?ge* —4(1+ &) ho(A*— 1) >0}

the transformation T? has four fixed points in the &;-neighborhood of the fixed point z = 0.
For ho > 0 the interior pair of fixed points is stable and the outer pair is unstable; the
reverse is true in the case kg <0,

In the domain {0, 4} isolated by the inequalities

{ho>0, (1 —2)ge> —4(1+e)ho(A* -~ 1)<0,}
800, 1 +e)g*—4(1—e)ho(A2—1)>0

or
{ho<'0, (1—e)lg?—4(1+e)hg(A2— 10
m>0wi+ﬂ%&—4u—wmmt-u>n}

either one of the cases described for the domains {4} and {0} applies to the transformation
T?, or else the transformation T2 has two semistable fixed points.

4. Example. Let us consider a dynamic system {an electromechanical trigger control)
whose motion is described by the equations in dimensionless variables

x"+x=—r+y2} for @20, [z4btd|<b 41
Y+ay=a
or .

(1) x "

@ +x=_rl_z‘_|} for ©°>0, [z+b4d[>b (4.2)

Y= 0 or & < 0
Transition from (4.2) to (4.1) occurs for z = —2b — d, =" > 0, and that from (4.1) to

(4.2) for z = —d, &' > 0. Here a, b, d, and r are parameters which can only be non-
negative.

The phase space x, y, x* of the dynamic system under consideration consists of part
of the plane and of the three-dimensional domain joined to the latter. Investigation of the
breakdown of the phase space into trajectories reduces to the study of the point transfor-
mation T of the half-line I'; (z = —2b — d, y = 0, 2 > 0)into itself. Analysis shows
that for a fixed point of the transformation T in the parameter space a, b, d, r there exists
a bifurcation surface N_, on which the quantity g, changes sign. The quantity go vanishes,
for example, for the section @ = 2, d = 0.2 of the surface N_, at the point b = by ~ 0.164,
r=ro=0.058. For b < by we have go <0; for b > by we have g, > 0. The bifurcation corres-
ponding to the case hy <0 occurs in this case.

In this section in the neighborhood of the point (o, 7s) of the parameter plane there
exists a domain whose points correspond to a transformation T'? having two stable (outes)
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and two unstable (inner) fixed points, and also a domain whose points correspond to a
transformation T? having two stable fixed points, The first of the above domains is asso-
cisted with s phase space containing a simple stable limiting cycle and two double limit-
ing cycles (an unstable inner cycle and a stable outer cycle). The second domain is asso-
ciated with s phase space containing a simple unstable and a double stable limiting cycle.
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